Molecular polaritons have gained considerable attention due to their potential to control nanoscale molecular processes by harnessing electromagnetic coherence. Although recent experiments with liquid-phase vibrational polaritons have shown great promise for exploiting these effects, significant challenges remain in interpreting their spectroscopic signatures. In this letter, we develop a quantummechanical theory of pump-probe spectroscopy for this class of polaritons based on the quantum Langevin equations and the input-output theory. Comparison with recent experimental data shows good agreement upon consideration of the various vibrational anharmonicities that modulate the signals. Finally, a simple and intuitive interpretation of the data based on an effective modecoupling theory is provided. Our work provides a solid theoretical framework to elucidate nonlinear optical properties of molecular polaritons as well as to analyze further multidimensional spectroscopy experiments on these systems.
Introduction.-The strong coupling regime between optical microcavities and molecular vibrational modes has been recently achieved with polymers [1] [2] [3] [4] , proteins [5] , liquid-phase solutions [6] [7] [8] and neat liquids [9] . These works have unambiguously shown the existence of a novel class of hybrid excitations (vibrational polaritons) consisting of superpositions of delocalized molecular vibrations and microcavity electromagnetic (EM) field modes [10] . It is now clear that the dynamics of vibrational polaritons is substantially different than that of bare molecular excited-states [8, 11] . Given that polariton properties are tunable, the strong coupling of light and vibrational degrees of freedom opens up new routes for the control of chemical processes [10, [12] [13] [14] . Vibrational polaritons can be detected whenever a microcavity mode and a molecular vibration exchange energy at a rate that is faster than their dephasing rates [10] . Notably, the liquid-phase vibrational state contributing to the formation of polaritons is effectively dispersionless, and under weak coupling, essentially localized. Thus, a significant feature of the strong coupling regime is the introduction of a mesoscopic coherence length on the material infrared (IR) polarization [13, 15, 16] . This key point makes polaritons substantially different to conventional molecular states. Similar is true in the case of disordered organic excitons in molecular aggregates: their excitations are at most delocalized about not more than a few hundreds of chromophores [17, 18] due to dipolar interactions but, upon strong coupling a coherence length on the order of µm is observed [13, 15] . In fact, the field of organic semiconductor cavity polaritons has seen a surge in the last 15 years, with a variety of exciting phenomena demonstrated experimentally [15, [19] [20] [21] [22] [23] [24] [25] , and interesting theoretical predictions awaiting observation [26] [27] [28] [29] [30] [31] [32] [33] [34] . However, despite the similarity in the linear response of electronic and vibrational polaritons, there exists obvious differences in their nonlinear dynamics. In particular, vibrational modes can be well-approximated at low energies by weakly-perturbed harmonic oscillators, while the same is generically not true for the electronic degrees of freedom. Thus, intriguing phenomena have been recently observed under liquid-phase vibrational strong-coupling without counterpart in exciton-polariton systems. This includes e.g, the suppression and change of mechanism of an electronic ground-state chemical reaction [6] , surprisingly enhanced Raman scattering [35] [36] [37] and, among other features, the significant derivative lineshape and wave-vector dependence of vibrational polariton dynamics in the cavity-W(CO) 6 pump-probe (PP) spectra reported by Dunkelberger et al [8] . Nonlinear spectroscopy Figure 1 : Experimental setup for pump-probe spectroscopy of polaritons formed from W(CO) 6 molecules embedded in an optical microcavity
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is a particularly important tool to uncover the fundamental properties of vibrational polaritons [38] as it directly probes excited-state dynamics and thus the vibrational anharmonicity without which chemical reactions would not occur. Motivated by the intriguing PP spectra of vibrational polaritons first reported in ref. [8] , and the recent 2D spectra of Xiang et al. [39] , we present in this letter a quantum-mechanical model for vibrational polariton PP spectroscopy including the effects of both mechanical and electrical anharmonicity. Theory of pump-probe response of vibrational polaritons. -We consider a setup with N identical independent vibrational (molecular) degrees of freedom stronglycoupled to a single-mode planar [Fabry-Perot (FP)] microcavity [40] (Fig. 1) . The former are assumed to be weakly-coupled to intramolecular modes and solvent degrees of freedom (bath) while the latter is weakly-coupled to the external (vacuum) EM modes on the left-and right-hand sides of its transverse direction. Thus, the total Hamiltonian is given by a sum of two contributions H = H 0 + H anh : H 0 is the zeroth-order harmonic Hamiltonian
where we choose units such that = 1, ω 0 (ω c ) is the molecular (cavity mode) fundamental frequency, a i (b) is the ith molecule (cavity mode) annihilation operator, g 1 is the (real) single-molecule light-matter coupling and H SB is the system-bath interaction which contains the linear coupling between cavity and external modes, and the interaction between the molecular vibrations and their (independent) baths (see SI, eq. 1). In the response formalism detailed below the effects of H SB on the molecular system are accounted for with a phenomenological damping constant γ m which can be determined by fitting the experimentally-available bare vibrational fundamental transition lineshape to a Lorentzian distribution. The anharmonic part of the total Hamiltonian is given by:
where ∆ > 0 implies the 1 → 2 vibrational transition is red-detuned from ω 0 by 2∆, while g 3 can be either positive or negative as it represents the deviation of the vibrational 1 → 2 transition dipole moment (µ 1→2 ) from the corresponding result for the harmonic oscillator. In particular, g 3 manifests itself by the relation [41, 42] so that if g 3 and g 1 have the same (opposite) sign, the µ 1→2 of the anharmonic system will be larger (smaller) relative to that of a harmonic. Because ∆ parametrizes the anharmonicity of molecular motion, we denote it by mechanical (nuclear) anharmonicity. The other term in Eq. 2 is called electrical anharmonicity [43, 44] , for it may be understood to represent a deviation from harmonic behavior in the interaction between molecular vibrations and the electric field of light.
We employ input-output theory [45] [46] [47] [48] to estimate the PP transmission spectrum of vibrational polaritons. The strategy of the input-output method is to relate the microcavity EM field modes at a time t with the state of the external EM field at an earlier and later times t 0 < t and t 1 > t, respectively [45] [46] [47] . The earlier and later external EM field modes are denoted input and output fields, respectively. For instance, the Langevin-Heisenberg equation of motion for the cavity mode annihilation operator (in the appropriate rotating-wave approximation) is given by
where κ/2 is the cavity linewidth due to the coupling between external and cavity EM modes, and b L in (t) is the l.h.s cavity input operator (we assume the input laser pulse interacts with the cavity from the left). Similarly, the molecular polarization operators P 1 (t) = i a i (t) and P 3 (t) = i a i (t) † a i (t)a i (t) (see Eqs. 1 and 2) satisfy
where γ m > 0 is the full width at half-maximum of the molecular vibrations induced by interaction with a local bath. Eqs. 3-5 are obtained by integrating out the external EM field and molecular bath degrees of freedom on the reasonable assumptions of weak system-bath couplings and Markovian dynamics [45, [49] [50] [51] . Note that the input and output operators satisfy the following useful relation [45, 49, 51] 
which allows us to obtain the output EM field given the microcavity response and the input field. Given that transmission and reflection spectra can be obtained as Fourier transforms of the autocorrelation function of the external electric fields [51] the approach we utilize here directly relates the observed spectra to the dynamics of the system.
In this letter, we focus on the pump-induced probe transmission observed at sufficiently long waiting (PP time delay) time T [38, 52] , such that coherences have dephased and thus only transient molecular population variables need to be retained for an accurate description of the optical response. In other words, we assume the only significant effect of the pump on the system at the probe delay time is the generation of a transient molecular excited-state population inside the cavity. We also neglect any photonic population at the PP time delay. This assumption is consistent with the fact that in the experiments which we ultimately compare our theory to the cavity photon lifetime and probe delay are approximately 5 and 25 ps, respectively [8, 39] . Thus, the last two terms of Eq. 5 can be neglected, as their averages tend to zero at the PP time delay T . We also assume that
This is reasonable, as we expect that after pumping the system with a classical field, each factor of a i (t) contributes a factor of ≈ e −γmt/2 to these expectation values. In view of the listed conditions we only need a single parameter (which is assumed to be constant for the waiting times of interest)
to represent the effects of the pump on the system at the time where the probe acts. In this case, P 3 (t) can be quickly obtained as a function of f pu ,
where B (t) is the expectation value of the Heisenberg operator B(t), γ 3 = 3γ m /2 and B (ω ) is the expectation value of the Fourier transform of B(t). Similarly, we obtain the following approximation for P 1 (ω ),
where
, which is the appropriate result in the absence of a pump-induced excited-state population. From Eq. 6 we can now obtain an approximation to the absolute pump-probe linear transmission spectrum
in terms of the transient matter polarization components P 1 (ω ) and P 3 (ω ), and the input probe field b
Eq. S14 is the central result of this work. It expresses the transmission spectrum of a cavity strongly-coupled with vibrational modes, given a pump-induced vibrational excited-state population (N f pu ). Note that if g 3 = ∆ = 0 no third-order signal exists, in consistency with the fact that harmonic systems exhibit no nonlinear response [53] .
Comparison to experimental results.-We compare the predictions of our model with experiments which utilized solutions of W(CO) 6 in hexane [8, 39] . The triplydegenerate carbonyl asymmetric stretch T 1u of the referred molecule was chosen to be strongly-coupled to a resonant IR FP cavity. For this system, ω c = ω 0 = 1983 cm −1 , γ m = 3 cm −1 , κ = 11 cm −1 , ∆ = 7.5 cm
The electrical anharmonicity parameter is unknown for this molecule. Thus, we choose g 3 /g 1 = −0.25, as a similar value was reported by Khalil et al. [41] for the carbonyl stretch in a different system. Additionally, we take f pu = 0.075 in all reported results (for a discussion of polariton and dark-state absorption, see SI). In Fig. 2 experimental and theoretical results are compared for the polariton PP (differential transmission) spectrum ∆T (ω),
where T pu (ω) is the transmission spectrum after excitation of the system with the pump, and T 0 (ω) is the linear transmission obtained in the absence of pumping. The experimental spectrum [39] was obtained after a probe delay time of 25 ps (see also [8] ). We recall that for the theoretical model
The two dominant features of the experimental PP spectrum are reproduced by our theory: the large negative feature in a neighborhood of the linear LP frequency, and the red-shift of the UP resonance. The theoretical prediction for the intensity of the latter is overestimated compared to the experimental result. This can be attributed to the various approximations employed in the derivation of Eq. S14. To understand the effects of vibrational anharmonicity on the polariton spectrum, we show in Fig. 3 the theoretical PP spectrum obtained when either electrical (l.h.s) or mechanical anharmonicity (r.h.s) are turned off. Electrical anharmonicity gives rise to a transient spectrum with blue(red)-shift for the LP(UP) in conformity with the notion that it reduces the effective light-matter interaction (compared to a harmonic model). However, for systems with µ 1→2 > √ 2µ 0→1 the Rabi splitting would be increased. Notably, the transmission peaks of LP and UP remain symmetrically distributed around the fundamental frequency. Mechanical anharmonicity also has simple effects on the PP spectrum: the UP red-shifts, and the LP resonance splits into two (l.h.s of Fig. 2 ). This is explained by the fact that ∆ > 0 gives rise to red-detuned overtone frequencies relative to the fundamental. Note that while the theoretical spectrum with g 3 = 0 resembles the experimental in Fig. 1 , the former contains a positive bump near 1960 cm −1 which is absent from the latter. Thus the best agreement with experiment is observed when both electrical and nuclear anharmonicities are included in the theoretical model.
At this point we note that when γ m → 0 (for the case with significant molecular damping see SI), the resonances of the PP transmission spectrum (Eq. S14) can be obtained as eigenvalues of the mode-coupling matrix
where g 2 = g 1 + g 3 . The diagonal elements correspond to the bare cavity photon and matter excitation frequencies ω 01 = ω 0 and ω 12 = ω 0 − 2∆. Thus, we may assign the label 1 to the cavity photon, and 2 and 3 to the matter polarization components P 0↔1 and P 1→2 . P 0↔1 represents the effective material polarization due to stimulated emission and ground-state bleach, and P 1→2 is the excited-state absorption contribution. Hence, the off-diagonal elements of h(f pu ) can be interpreted as couplings between the cavity and the different components of matter polarization. Note the interaction between P 1→2 and the cavity photon depends linearly on √ f pu N , while that between P 0↔1 and the cavity depends on (1 − f pu )N − f pu N . The reason for this unusual expression for the coupling between P 0↔1 and light is that the former may be viewed to arise from interference of polarizations due to stimulated emission (which depends on f pu N ), and ground-state bleach, which depends on (1 − f pu )N (for additional details, including the corresponding double-sided Feynman diagrams, see Sl). When f pu > 1/2, stimulated emission provides the dominant contribution to P 0↔1 , and this leads to nonhermiticity in Eq. 15 even when κ = 0. Nonetheless, the complex eigenvalues of h are equal to the poles of the response function in Eq. S14 even when f pu > 1/2. Ultimately, Eq. 15 gives a simple interpretation of the three resonances appearing in the vibrational polariton transmission spectrum in the presence of a pump-induced incoherent excited-state population (Fig. 4) : the PP resonances correspond to transient polaritons formed by the linear coupling of cavity photons with the matter polarization associated to transitions from the molecular ground-and excited-states.
Notably, the mode-coupling matrix in Eq. 15 could have been obtained within a purely classical model of the optical response by assigning the P 0↔1 , and P 1→2 parts of the matter polarization to the totally symmetric mode of (1 − f pu )N and N f pu Lorentz (harmonic) oscillators with frequencies ω 0 and ω − 2∆, and single-mode electromagnetic field couplings g 1 , and g 3 , respectively. Thus, the assumptions we took to obtain Eq. S14 provide the connection of the quantum-mechanical polariton theory with the classical model employed in the interpretation of vibrational polariton pump-probe spectra in Ref. [8] . The QM picture resulting from Eqs. 3-6 will only deviate significantly from the classical when coherences are significant in which case Eqs. 15 and S14 also cease to provide an accurate description of experimental results. This is expected to happen e.g., at short probe delay times when coherent processes are significant, but is out of the scope of the current investigation.
Finally, to gain further insight into the nature of the PP spectrum we compare in Fig. 4 the theoretical abso- Figure 4 : l.h.s: Theoretical transmission spectrum in the presence (blue) and absence of pumping (red); r.h.s: Theoretical PP spectrum (difference between blue and red curves of l.h.s) with identified resonances lute transmission spectrum of the pump-excited system, T pu (ω), with the linear spectrum T 0 (ω). Fig. 4 shows that the pump-induced molecular excited-state population leads to a probe response with three resonances, two of which are close to the linear LP frequency, and one that is slightly red-shifted from the linear UP. Hence, the reason much larger nonlinear signals are observed for LP relative to UP is that the bare molecule transition ω 1→2 is near-resonant with ω LP , while ω UP is far off-resonant with the former. Thus, mechanical anharmonicity, which in the delocalized basis leads to polariton − polariton, dark-state − dark-state, and polariton − dark-state interactions [13, 47] , has a much weaker effect on UP compared to LP. Given that mechanical anharmonicity also represents the tendency of bonds to break at high-energies, we may conjecture that UP states will be more immune to bond-dissociation relative to LP. Roughly, this may also be understood from the point of view that the nonlinear signals of UP are much weaker than the LP for the studied system, so the UP behaves more like a harmonic oscillator than the LP. Noting that ω 1→2 < ω 0→1 is a generic property of molecular vibrations, we can conclude that the weaker anharmonic character of the UP quasiparticles relative to LP is likely a general property of vibrational polaritons.
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I. LINEAR ABSORPTION AT STRONG-COUPLING
In this section we derive the linear absorption spectrum of a system consisting of a microcavity strongly-coupled with a molecular vibration. This information is particularly significant for measurements that probe nonlinear transient polariton dynamics. For instance, in the main manuscript we assume that pumping the system leads to transient molecular excited-state population. This assumption is sufficient to obtain good agreement with polariton pump-probe experiments at sufficiently long probe delay time. This excited-state population might have arisen from polariton relaxation to dark-states and/or direct absorption of off-resonant photons by the system due to the finite cavity and molecular linewidths. While the detailed mechanism giving rise to the assumed transient population is outside the scope of the presented research, we dedicate this section to polariton absorption to shed light on one of the possible mechanisms for the generation of a pump-induced transient molecular excited-state population.
The microcavity linear absorption spectrum A(ω) may be experimentally obtained from the relation A(ω) = 1 − T (ω) − R(ω), where T (ω) and R(ω) are the transmission and reflection spectra, respectively [10] . The same approach can be carried theoretically given a method to compute T (ω) and R(ω). Within input-output theory [45, 49] A(ω) may also be obtained directly. This requires defining intracavity bath degrees of freedom (representing e.g., solvent or intramolecular modes) linearly-and weakly-coupled to the molecular vibrations of interest; for simplicity, we also assume Markovian bath-molecule dynamics. In this case, the treatment of energy absorption by the molecular system is identical to that of transmission and reflection. In particular, the Hamiltonian for a model consisting of a linear medium inside a single-mode cavity may be written as ( = 1)
where b is the cavity and a i is the ith molecular annihilation operator, ω c and ω 0 are the cavity mode and molecular fundamental transition frequencies, g is the single-state coupling between the cavity mode electric field and the molecular vibrations, κ is the coupling between external and cavity electromagnetic field modes, {b L(R) (ω )} are annihilation operators for the external left (right) electromagnetic field modes, and r i (ω ) is the bath mode of frequency ω which is weakly-coupled to molecule i. The modes r i (ω ) can be quickly integrated out by solving their Heisenberg equations of motion (eom) in terms of the molecular operators a i (t) [49, 54] . Assuming the molecular bath modes are in their vacuum state, the eom for the (normalized) average vibrational polarization
In the frequency domain, it follows that
The molecular output modes a out i (t) are defined as usual in terms of the future behavior of the vibrational bath operators [49, 54] 
where r i (ω , t 1 ) denotes the bath operator r i of frequency ω at a future time t 1 > t. It follows the input-output relation [45, 51] corresponding to each molecule can be written as
where in the last expression we used the definition of the molecular (linear) polarization output operator
Given that the molecular vibrations provide the dominant source of cavity absorption, the steady-state absorption spectrum of the system can be well-approximated by
where we assumed the external source acts on the system from the left. This can be computed given a solution to the eom for the cavity mode annihilation operator b(t) in terms of the input field b L in (t). For the model discussed here, it follows that [49, 51] 
Thus, the absorption spectrum implied by our model is given by
Note that this approach gives only a rough approximation to the absorption coefficient, as the cavity leakage rate κ is assumed independent of frequency and in-plane wave vector. For realistic cavities there are other loss mechanisms which we have also neglected here [40] . Additionally, only a single cavity-mode is considered, and the variation of the in-plane wave vector of the cavity with detuning ω c − ω 0 is entirely neglected. Thus, the above results are expected to hold only for a small neighborhood of frequencies around the cavity frequency ω c . In any case, knowing that A(ω) has poles at the LP and UP (complex) frequencies we can rewrite A(ω) in terms of the latter
so for the absorption at ω LP and ω UP we estimate
In the strong coupling limit it is common for γ LP /Ω R , γ UP /Ω R → 0. In this case, we can approximate
. Thus, we see that A(ω LP ) + A(ω UP ) is maximized at zero detuning, i.e., when ω c − ω 0 = 0. Another simple result following from the above considerations is the variation of the absorption at the dark-state frequency ω 0 with respect to detuning:
This indicates that A(ω 0 ) reaches a maximum when ω 0 ≈ ω c , though from Eq. S13 its variation with detuning is slow.
II. INTERPRETATION OF TRANSIENT MODE-COUPLING MATRIX
We present in this section a detailed discussion of the mode-coupling matrix in Eq. 15 of the main text. First, recall that this matrix has eigenvalues that are determined by the poles of the probe output electric field
As we will see, the elements of the mode-coupling matrix can be assigned a simpler interpretation when the molecular damping rate is assumed to be zero. Generally, the cavity leakage rate is much faster than the molecular relaxation, so the limit where the latter vanishes is reasonable when f pu (see main text, Eq. 7) is sufficiently small.
A. Mode-coupling without vibrational relaxation
If we take the molecular relaxation rate to be equal to zero (γ m → 0), and f pu < 1/2 (i.e., if the average population of molecules in the first excited-state is less than 50% of the total number of molecules interacting with cavity photons), the following three-level system effective coupling matrix has eigenvalues at the energies corresponding to the poles of the transient response given in Eq. S14,
In order to understand the above, we look first at some limits: if f pu = 0, then
The eigenvalues for this case are the frequencies of the (linear) LP, UP, and the bare molecule frequency ω 0 − 2∆. There is no coupling between the cavity polarization and the 1 → 2 matter transition, as expected. If ∆ = 0, only electrical anharmonicity is non-vanishing and the mode-coupling matrix becomes
In this case, given the resonance between the ω 10 and ω 21 transitions, there exists a bright and a dark molecular state. The latter has frequency ω 0 , contains no photons, and hence does not contribute to the optical signal. Thus, we find that if only electrical anharmonicity exists, the linear response of the pumped system has two shifted polariton peaks (relative to the case with f pu = 0) (as verified explicitly in the l.h.s of Fig. 2 of our letter). If g 3 = 0, the system only has mechanical anharmonicity, whence it follows that
The inclusion of mechanical anharmonicity leads to a system with three non-degenerate transient eigenvalues (resonances). As shown on the r.h.s of Fig. 2 of the main text, each eigenvector contains contributions from the photon part.
Interpretation of couplings
To interpret the off-diagonal elements corresponding to the coupling of cavity photons with molecular polarizations arising from the 0 ↔ 1 and 1 → 2 transitions, we first note that the presence of a transient population in the first molecular excited-state implies the molecular (linear) optical response P (ω) can be decomposed into two parts:
where P 0→1 (ω) and P 1→2 are the polarizations due to processes involving 0 ↔ 1, and 1→ 2 transitions, respectively. Additionally, P 0→1 (ω) can be further decomposed into a sum of contributions,
where P NP (ω) is the linear response of the molecular system when there is no transient population, P SE (ω) accounts for stimulated emission processes, and P GSB (ω) corresponds to the ground-state bleach contribution (see Fig. 1 of SI):
P 1→2 (ω) is the polarization component due to excited-state absorption of the transient population:
where we used µ 0→1 = g 1 and µ 1→2 = √ 2(g 1 + g 3 ). Thus, we see that the molecular polarization has two linearly independent bare components P 0→1 (ω) and P 1→2 (ω). Each of these interact with cavity photons. The interaction strength is determined by the square root of the numerator of the response functions P 0→1 (ω) and P 1→2 (ω) obtained above. Thus, P 0→1 (ω) interacts with an electric field of frequency ω with coupling constant g 1 N (1 − 2f pu ) and P 1→2 (ω) interacts with the same field with coupling constant (g 1 + g 3 ) √ 2N f pu . These are exactly the non-vanishing off-diagonal couplings of h(f pu ), which thus represent Figure S1 : Feynman diagrams for the processes occurring with a transient molecular system with (1 − f pu )N molecules in the vibrational ground-state and f pu N molecules in the first excited-state. From left to right we show the contribution coming from ground-state molecules P NP (ω) + P GSB (ω), the stimulated emission of excited-state molecules P SE (ω), and the polarization due to excited-state absorption P ESA (ω), respectively.
the interactions between cavity photons and the transient molecular system. Now we understand why when f pu = 1/2 the 0 → 1 polarization does not interact with light: P 0→1 is the sum of the polarization induced in the system in the absence of any pumping P NP , and the polarization components due to ground-state bleach and stimulated emission, which satisfy P GSB + P SE = −2f pu P NP . Therefore, when f pu = 50%, P GSB + P SE = −P NP and P 0→1 vanishes. In more intuitive terms, if 50% of the molecules are in the first excitedstate, the stimulated emission from the first excited-state coherently cancels the amplitude associated to ground-state absorption, so the total contribution of the 0 → 1 transition to the matter polarization is zero. In this case, only the 1 → 2 effective dipole P 1→2 (ω) contributes to the observed molecular polarization, and this is what the effective Hamiltonian in Eq. S15 indicates. However, note that this conclusion is only true when the molecular excitations are not damped (see Sec.II.B)
2. Case where f pu ≥ 0.5
In this subsection we take a closer look at what happens with the mode-couplings in Eq. S15 when f pu > 0.5. In this case, the eigenvalues of h(f pu ) can be analytically-continued when f pu > 1/2, but the off-diagonal elements
To understand the unusual non-Hermitian structure of h(f pu ) when f pu ≥ 0.5, note first that for small values of f pu , all three eigenvalues of h(f pu ) are complex and have a small negative imaginary part. This agrees with the fact that the the cavity mode is lossy and the eigenmodes of h(f pu ) inherit this property. For f pu = 0.5 the mode-coupling matrix is given by
which implies that at f pu = 0.5, the 0 ↔ 1 molecular transitions become decoupled from light. Hence, P 0→1 is decoupled from the cavity photon, and h(f pu ) has two complex eigenvalues with negative imaginary parts, and a single real eigenvalue ω 01 = ω 0 . Given that we expect a continuous behavior for the real and imaginary parts of the eigenvalues as a function of the matrix elements except at isolated singular points (where the couplings are nonanalytic, or the eigenvalues cross), and all couplings are analytic except at f pu = 0 and f pu = 1/2 (no level crossing happens, either), it is reasonable to think that by switching f pu from small positive values to 0.5, the imaginary part of the eigenvalue of h(f pu ) which approaches ω 0 when f pu → 0 does so in a continuous way: it becomes less negative as f pu → 1/2, and zero at f pu = 1/2. When f pu > 0.5 the mode with real frequency at f pu = 0 acquires a positive imaginary part, which is a characteristic of a gain mode.
In the end, the purely imaginary coupling of P 0→1 to the cavity photon is explained by the fact that we have jumbled absorption and emission of energy with frequency ω 0 into a single polarization component P 0→1 (ω). Thus, our coarse-graining of the P 0→1 (ω) polarization is the culprit for non-hermiticity (at f pu > 1/2) even when the cavity is lossless. An evidence for this hypothesis is that no unusual behavior happens for the cavity-P 1→2 (ω) couplings (P 1→2 (ω) only has a single-component due to excited-state absorption of N f pu , so according to our hypothesis its coupling with the cavity photon should be well-behaved for all values of f pu in the interval [0,1]).
B. Mode-coupling with vibrational state relaxation, but no electrical anharmonicity (g3 = 0)
The effective mode-coupling matrix accounting for both bare molecule and cavity relaxation (and for simplicity assuming no electrical anharmonicity) is given by Eq. S25 is much more complicated than Eq. S15. Nonetheless, it can be easily verified that in the limit where γ m = 0 the latter can be recovered from the former. Furthermore, as mentioned above, f pu = 1/2 ceases to be a singular point of the off-diagonal couplings when γ m = 0. Finally, we note that the molecular damping induces an effective interaction between the P 0→1 and P 1→2 polarizations (h 23 and h 32 elements) which does not exist when γ m = 0. A detailed study of the more complex features of Eq. S25 is beyond the scope of this work.
